WORKED SOLUTIONS
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Answers
Skills check

1 f@=_"jx%1

. y
inverse: x =

x(-1D=y
Xy—y=x
yx-1D=x

Y= x1
f Y x) = *oox#1

x—1’

) =)

-4
2 fW=ax—b gx="""

a

fog@=f[t)=a(*1t) - b=x

a

gof() =glax— b =21 =

a

< fog (%) = gof(x)

Exercise 5A
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Y 9 2, 2’3’5’7’9 S
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a u,=2 u=u71=ln ne Z*
n n 2
2 2 2 4 4
w=5_129 4, 0 1.1
4 8 8 8 16 6
_17_1_33 5,3 59 17 33
16 32 32 27478716’ 32
b u _2 +1

- P(0) is true

Assume P(k) u, = 2041
2k

Prove P(k+ 1) u,, =u, —

k+1

2411
- 2k k+1
20" +1)-1
- 2k'+l
2421
- 2k+1
_ 2k+1+1
- 2k+1

- P(k) = P(k+ 1) and P(0) is true
2" +1

.. by mathematical induction, u, =
5

u=u_+2 -3, nelkl
n—1 n

u,=5+8-3=10
u,=10+10-3=17 1,2,5,10,17

Worked solutions: Chapter 5




b Pn):un=n*—-2n+2
Pl)=u =1"-2(1)+2=1 .. P(1)istrue
Assume P(k) u, =k —2k+2
Prove P(k+ 1) u,, , =u,+2(k+1)—3
=K -2k+2+2k+2-3

=k +1
(+1P-2(+1D)+2=+2k+1
-2k=2+2
=kF+1

Sy, = (kT 1P -2(k+1)+2

.. P(k) = P(k+ 1) and P(1) is true

. by mathematical induction, u = n* — 2n + 2
Exercise 5B
(64)° =

1 a 42=16
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|
~~
o0
=
w
(a )
w
N
w

Oxx’ %
=% =1

' x
3 Vg?+d;5:y%+y%:y€%)=y%

5 5
when y = 64, yo = (¢/64) =2°= 32

5 1
4 'y A2y z _x'y 2 xx 2y22

(x2)

ol ~
|
N

5 5x471—-20x8"=75x(2%)"" - 20x (2
=5x 202 — 20 x 20"
=5 X 2% %20 — 20 x 2%
=20 x 26" — 20 x 26"
=0
6 4"+2=3x2"
29-329+2=0
2-1)2*-2)=0
2=1lor2*=2
x=0orl
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WORKED SOLUTIONS

Exercise 5C

1

250000 (1 + »)? = 450000
1+rn*=138
1+7=1.0298

r=10.0298 = 2.98% = 3% (nearest percent)

a 61.08=1748(1+7r)
(1+77=3.494
1+7r=1.1957
r=10.196 = 19.6%

b 77.45=61.08(1+n*
(1+7r*=1.268...
1+7r=1.0612
r=10.0612 =6.12%

c 97.87=7299(1 +n"
(1+7r)'2=1.3408
1 +7=1.0247
r=0.0247 = 2.47%

Samira: After 15 years (60 quarters), she will
have

1000 (1+¥) = 1000 x (1.02)°
~ $ 3280
0084 12x15
Hemanth: 500(1.08)"* + 500 (1 + 0 )

= 500(1.08)'S + 500 (1.007)'
= 1586.08 + 1754.99

= §$ 3340
5::r°f Amount owing Pays back
1 15000 x 1.05 = 15750 10500
2 5250 x 1.05 =5512.5 3675
3 1837.5 x 1.05 = 1929.375 1286.25
4 643.125 x 1.05 =675.28 450.1875
5 225.09375 x 1.05 = 236.348 157.565625
16069.00313

.. Guiseppe has paid back approx. € 16700

Exercise 5D

1 Redcurve: (1,2.5) 2.5=4'

sa=2.5
4=g" .'.cz=l

Blue curve: (-1, 4) 4

2 f()=2° flx+1)=264D =229 = 2f ()

flrt+a)=27=212)=2f(x)

-2 1 -2 4
4 44
2 2
T T T T
4 2 0 2 4% 4 o 0 2 4K

Worked solutions: Chapter 5




4 e +1=e"!

x=-0.541

5 a reflection in the y-axis
b reflection in the x-axis
c

rotation of 180° about the origin (or reflection is 3

the y-axis followed by reflection in the x-axis)

Exercise 5E

1 a 5=125 = log, 125=3
b 10°= 1000 = log,, 1000 =3
c 27°=3 = log, 3 =1
d 10°=0.001 = log,,0.001=-3
e m=n = log m=2
f a=2 = log 2=5
2 a log,9=2 = 3*=9
b log,, 1000000 =6 = 10°= 1000000
1 1
c log497:5 = 49:=7
d log 1=0 = a=1
e log,a=5b = 4°=q
f logp g=r = p=q
3 a log,64=2
_1
b log,3= 5
c log,001=-2
1
d log,12= 5
e log, 1=0
f logaif_=§
4 a log8l1=2 =81 .~x=9
b log,x=4 .. 3= x =81
c log 121=x ..x=2
d log5=; .x=5 .x=125
e log16=2 .x=16 ~x=16=4'=64
folog32=-5 ~x7=32 . =32,2"=_,
x=!

Exercise 5F

1l a

log, - =2logp —log g
g
b logas\/? =llog, 2 =1 log,p-
qZ 3 q 3 a
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WORKED SOLUTIONS

4><9

a logd+2log3 —logb = log =logb6

b %logup + iloggq2 =log, p + logu q* =log, \/E
c 2-1log5=10g100 - log20

log5 + log8 —log4 = log —=logl0=1

log, 48 — 3 log2 27=log, 48 — log2 =log,16 =4
¢ 2+logl0—-log.2=2+log5=2+1=3

10g5 =

a 3logy=2logx=3y’=x* .. y:xg
logy =logx +log2 =y =2x
c logy—3logx=log2= 2 =2.y=2¢
X

d logy=2+3x=y=10**"%*

Exercise 5G

log381

a log,2xlog,81 =log, 2 X =4
b log10xlog6=log, 10x = =
0} X 10 0} X
g6 g g5 gém
1
¢ log,8xlog,5=1log .8 x OB bg 8 =3
log 3
a ! Lo_ 1 g
10g26 Iog36 10g26 10g26
_ 10g22+10g23 _ 10g26 _
log26 log26
log46 log96 log46 log46 10g46
_ 10g436 _ 210g46 _
Iog46 log46
f log,40 ———_ =1log, 40— =log5 =
8
a letd*¢’=x=log x=1logb
log x
loga = log b
logx _
logh Iog a
logb x=1loga
L x = pous
logb b[oga
1 1 log a log b
b + gab
log ab logbab log ab log ab
a ab
= logab® + log ab®
= logab'®®
=1
S R S
log ab logbab
p=loga q=loge
1
log a= I -1 =log a= =-
x log x p y log y ¢
i log a 1 1
a log a= = =
&y Iog xy log x+logy  p+g
1 1 1
b _ -

log a= = =
gxy log (%) Iogﬂx—loguy r—q

Worked solutions: Chapter 5




Exercise 5H

1 a »=7
xlog5 =log7
x= log7

B log5

x=1.21

b 429#1 — 3
(2x—1)log4 = log3

log3
2x—1=2%
log4

x=L1(183 11
2\ log4

~.x=0.896
2 (2909 =0.01

100=0.01

SLox==2

Exercise 51

1 a 2*=5
3xlog2 =1log5
:10g5
3log2

x=0.774

b 33 )=10
329#1 — 10
(2x—1)log3 =1og10

1
2x—1 o3

x=L{1 41
2 \log3

x=1.55
2 a 4log,x=log3

1
log3 x

4log,x =

_1 . _ 31
(log,x)* = 4 ~log,x = iE

x=3% or x=37%
b 3log,x+log,27=3

log,(27x°) =3
S 278 =38

3 9-6(39-16=0
(3?2 -6(39-16=0
3*=8)(3+2)=0
3*=38
xlog3 =1log8, x=1.89

© Oxford University Press 2012: this may be reproduced f or class use solely for the purchaser’s institute Worked solutions: Chapter 5

WORKED SOLUTIONS

4 log,x+12log4-7=0

12 _
10g4x+@_7—0

(log,x)" — 7log,x +12=10
(log,x —3) (logx—4) =0
log,x=3orlog,x=4
x=4orx=4*
x =64 or 256
5414 4 —21=0

5

5(59*-21(5)+4=0
GGEH)-1D(5*-4)=0
5=+ or 5=4
x=-1 or xlogb=1og4
x=-1 or 0.861
log,x+1og 9-3=0

10g39

log, x + -3=0

log_x

(log,xf — 3log,x =2 =0
(log,x—=2) (log,x—1)=0
log.x=2 or logx=1
x=3? or x=23!

x=3 or 9
IXP-2X4=5%6
3(3)* = 529)(3) - 2(29* =0
BBH+29(3-229)=0
3(3)=-2* or 3*=2(29
31.5=-1 or 1.5=2
No solution, xlog 1.5 =1og 2

x=1.71
6log,x + 6log,y =7
6log2y _
6log,x + g8 7

6logx + 2logy =7
log x%y* =7
¥y =27 - x=128 (1)

4log,x+4log,y=9
410g2x

log 4 +4log,y=9

2log,x + 4log,y =9
log,x** =9
Lxyt=20 soxly?=512 (2)

x X

16384 = 51240 . x0=32
x=+2

¥ =12=16 y=4

from (1) y? =128 x(m) =512




9 2logxy=1=x=)>

xy=125 .. ¥ =125
y=5x=25
10 ylog,8=x=3y=x

2°+ 8 =64
2%+ 2% =64

23y+l:26

3y+1=6

y=3, x=5

11 a log, x=y=log,(2x—1)
x=5 25 =2x—-1
&y=2x-1
¥—-2x+1=0
x=1)’=0
x=1,y=0

b logx+y)=0=x+y=1=y=1-x
2logx=1log(y +5) =x*=y+5

¥*=1—-x+5
X*+x—6=0
x+3)(x-2)=0
x=2 y=-1

(x cannot be negative)
Exercise 5J
1 f(x)=e":domainisxe R
rangeisye R, y>0
fi(x) =Inx:domainisxe R, x>0
rangeisye R

yl
4_
y=¢

2 4
T T T L
4 2 0 24X

2

_4_y=|nx

2 f(x)=a" y=da
Inverse : x =@, y=logx
s fH(x) = log x
fof (9 = f(og @) = aos

alogax =x

3 Y 4 Y,
4 4

fix) = |Inx|

29| &) = [Inx] Q'V
9 o T 29/ 3 ax

24 f(x) = -Inx -2

44 &X) =n]x|
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WORKED SOLUTIONS

0 2 | /4 s

3
translation of (0 ]
X

¥ =logy(x - 3)
y
2_
¥ =logs(x) -3

) 0

0 5 40x translation of 3
-2
2

a y=Inx—-1)-1

x—1>0 .x>1
domain:xe R, x>1
asymptote : x = 1
x-intercept 0 =In(x — 1) — 1

In(x—-1)=1

(e+1,0) x—-1=e
x=e+1

Y
2_
] e+1
0 4 X
24
44
y=log, (9 —3x) +2
9-3x>0
9> 3x
x<3

domain:xe R, x<3

asymptote : x = 3

x-intercept 0 = log, (9 — 3x) + 2
-2 =log, (9 - 3x%)
32=9-3x

9 9

80 (80 )
x="
27 (27’0

y-intercept y =1log, 9 + 2 = 4(0, 4)
Y,

N

\

0 80\ 4 X
27

Worked solutions: Chapter 5




Exercise 5K

WORKED SOLUTIONS

e y _ e te
. d T
1 a y:%e J:_Z(er) 3xe e-e
b S = _5ee) Y (5e-Grn= :51 dy _ (e'+e)e'-e)-(e'+e )’ +e )
! & dx e dx (e =e™)’
c y:e4x—l+4 d7—44x— 4
d y=e+ loe+erPoeg_er=e-1 €-e?)
e dx o )
o y—e(13x)jl=3e(l3x) 5 f(x)=xe* -3<x<3
X ’ f—
. a x)=xe +e*
f =2 Y =21y e&:eﬁ S
Yy dx 2 V; ex(x‘l'l):() wx=-1 y:_e_l
". one stationary point at (—1,;1)
—_ X — — AaX X €
2 a y=xe e* + xe F(x) = e +e(x+ 1)
b y= x2 = x%e™ % =2xe~ — yler =T f"(=1)=e"'>0 minimum
€ ¢ b For point of inflexion f"(x) = 0
2x 1 1 3
c y= S =¥y %2 2e*x e“%:ﬂ elx+2)=0 .. x=-2 y=-2e2
_ 2e™ " _ dxe” —e” X -3 -2 -1
3 g 0y fx) | -e*<0| O |e*>0
| *. change of sign
_ Lody 1 5 1,75 a0 _
d y=vxe =Y e+ Vroxve . point of inflexion at (—2,22)
(S
i
e 1 v
= +— y,
i 2° 50,
. ; L 40
— € @ 2x 2 1 ’% 4 T—e” 4
3 a y=74 & =2Jxe"—e 2% =# 38_
2x? 9
2 dy x 2 x 2 (_2’?) 109
b yzl—xx - =e(—Zx)—z(xl—x)e =x—2xx—1 _.3 _'2__?0 i é é Y
¢ ‘ ¢ 1,2
Te
e dy 1+ x3eT—e” M2 +3x)
c Yy T iy dx 2 - 2 . . . -2
(1+x) (1+x) ¢ Atpoint of inflexion [ -2, =
d y= 1+e" Ay _(-eDe’-(+el)(-e) | 2¢f 1 ¢
1—¢" dx (l_ex)z (l_ex)z f’(—2) = —e_z :_7
4 a y= lxe - Equation of tangent: y + (—2 2) = iz (x+2)
+e
dy _(d+e)(xe'+e)—xe'(e") _xe' +e" +e” 4
== = = +
_exrtlve) d y=0,x=—4 (-4,0)
1+e")
PO . e yintercept=[0, 2| area= !x4xt=2%
b y=(l+e) L =2e(l+e) y P ( e 2 R
1
c y=Vl+er=(1+e?)’ Exercise 5L
d
o 1. . 1 a y=5% + =(3In5)5*
325(1+e )2 ( e =~
2V1+e™ _ dy 4
. b y=In(dx+1) 4 =
x+e
d y= =ef(x+e)
dy ¢ 2 a y=1+2Inx b2
L, —el+e)+et+e) de ¥
— A X — L — -1 dy -1
=e{(l +x+ 2¢Y b y=,, =" =-(nx ) g
x(Un x
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Worked solutions: Chapter 5




Exercise 5M
1 a y=xInx jx*y:xz(%)+2xlnx=x+2xlnx

b y=uxa %=(xlna)a"+a*= (xIna+ 1)
2 a y=1n(%):—lnx

b y=Inx¥*=2Inx

_hx d _ =
cry= x dx o o
3 a x=¢"
ylnx=x )
= x dl:m_x(?):mx—l
Inx dx (In x)* (Inx)’
b y=x
Iny=2xInx
1 dy _ 1
;E—Zx(;)+21nx

dy _ o«
E—xz 2+ 2Inx)

4 a y=e'(x—1)

dl— X X J— —_— X
L, ¢ te (x—1D==xe
%:0 if x=0 .. onlyone stationary point
&y vy o
b o o Xe +e
. d’ ..
if x=0, dxy2 =1>0 .. minimum at (0,—1)
c (1,0
d A
4_
24
4 2~/ 2 ax
-2
5 a xR

b f(—x)=In(1+(—x)?
=In(1 +x%) = f(x)
.. the y-axis is a line of symmetry
c fx)=In(+x)
=22 =0 if x=0

2
1+x

wen — (14x7)2-2xQ2x) _ 2-2x"
x) = =
f ( ) (1+x2)2 (1+x2)2
f"(0)=2>0 .. minimum at (0, 0)

f'"x)=0= «x=%1

X -2 -1 -0 1 2

w | =° -6
F® | 2<0| 0| 2>0|0|0_2<0

.. change of sign
- point of inflexion at (—1, In 2) and (1, In 2)
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b arclength=—;

WORKED SOLUTIONS

At(1,In2), f'(H)=1
tangent: y —In2 =x— 1

y=x—1+1In2 (A)
normal: y—In2=—-(x—1)
y=—x+1+1In2 B)

At(-1,In2), f'(-1)=-1

tangent: y—In2=-(x+1)
y=—x—1+In2 (O

normal: y—-In2=x+1
y=x+1+1In2 (D)

(0,1n2 + 1)
Q

Angles are 90° since gradients are 1

A and C intersection:
x—1+In2=—x—-1+In2

2x=0
x=0 (0,In2-1)
B and D intersection:
—x+1+In2=x+1+1In2

x=0 (0,In2+1)
—> 1) —» 1 —> -1
PQ= ,OR=|_1|,RS=|_4

1

—» (-1
=]
~PQ=QR=RS=SP=42
-. PQRS is a square, area 2

Exercise 5N
a arclength=r0=—

S5
4 b
1 257
sector area = r* = e
L Y
=3,

I AU (0
sectorarea—zx X 2= 3

Worked solutions: Chapter 5




X

c arclength=542r-1.3) =269 cm
sector area = % x54*(2r—1.3) = 72.7 cm?

Area = OPQ - OAB = ; x 9 x 0.8 - x 5?x 0.8
=0.4(81-25)=22.4m?

Perimeter =5x0.8+9x0.8+4+4=192m

Length = AB + AC + BC + 3 x % perimeter of

circle
=75+75+75+2nx75
= 69.6 cm
a Arclength = 5000 stadia
norx 22225000 <= 20005 stadia
circumference = 277 = 27 x 50()79;7:80 stadia
— 9 5000'><180 « 185m
=46250km
b Error = 2 =000 % 100% = 13.5%
Let AB =xand BC =y, s0 AC = /x” + y*

Crescent APBA + BQCB = semicircle ABA
+ semicircle BCB
— (semicircle ACA — AABC)
x’  nyt

:T+T—%(x2+y2)+AABC

=0+ AABC
=AABC

Review exercise

1

3
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92n+2><62n73 _ 34n+4X62n—4 _ 3 n X3
35n x 6X4n—2 35n % 22n—4 35n
_ 3" _
=, =3
3
23
8°+4> _4+8_3
ER 2
16*

a 9 —12(3)+27=0
(39— 12(3) +27=0
B=-90B-3=0
3=9 or 3=3
x=1 or x=2

b 3->=8

3
(3)?-8(3)-9=0
G=-9@+1)=0
3¥=9 or 3=-1
x=2

a log x+log 3 —log 7=1log, 12
log, 37x =log 12

3*=84
x=28

WORKED SOLUTIONS

b Iozc.;‘lx—log45=E

2
5
a5
43:§
x_ —
3—32 x =160
c log, x logx:

(log,x)* —log,x—6=0
(log,x—3)(log,x+2)=0
log,x=3 or log,x=-2
x=3 or x=37
x=27 or é
d log x+2log7°=3
2

log, x + @—3

(log, x)* — 3log, x+2 =0
(log,x—=1) (log,x=2)=0

log,.x=1 or 2, so x=7 or 49
a xy=28l1 3log,.y=1..x=)
yt=281 Ly=3x=27
b ylog,d=x 2°+4 =512
2y=x 2"+ 22 =512
2+ 2°=512
2= 256
~x=8 y=4
c In8+In(x—6)=2Iny 2y—x=2
In 8 (x — 6) = Iny? x=2y—2
8(x—6)=»y°
8(2y—-8)=»
y?—=16y+64=0
y-8’=0 ..y=8 x=14

a Iogy+logi:10g1:0

log X’ = log x° _ 3logx
310gx+log\5 3.5log x

=6
7

¢ In(ln?) —In(Inx) = 1n(1“2 ):m 2

Inx
log, x + log, ¥* + log x* + ... + logx" = 3m (m + 1)
log,x(1+2+3+...+m)=3m(m+1)
logzx(%(m+l)) = 3m(m+ 1)

log, x=16
x=20=64
y=5¢=+8e> =10~ 16e>

T2 = 20> + 32e7 = 4 (56> + 8e )

:4y

Worked solutions: Chapter 5




9 y=e¥*(2+5%)

d 2
5 = ¥ (5) + 3e¥ (2 + 5x) = e (11 +15 )
d 2
e = ¥ (15) + 3e¥ (11 +15 x) = e¥(48 +45 x)
dZ
o 6%+ 9y = e (48 + 45x — 6 (11 + 15%)
+9 (2 + 5x)
= & (48 + 45x — 66 — 90x + 18 + 45%)
=0

10 ee—e~*=4
(e)?—4e —1=0
4J_r\/216+4 — 245
e>0- e=2+45

sox=In (2+\/§)

ex+e*=2+/5+ 1

2+\E
— (ZJ—“/E)ZJrl — 4+45+5+1
2¢4s 2445
_ a5 +10 _ 2V5(2+45)
2+\/§ 2+\/g
\/ge"+e"‘=2\/§
4e”
11 =
/& (e +1)°
o) = (e + 1)24e*—4e"42(e* +1)e’

(e +1)
4e*(e* +1)° - 8¢
e+’
de” — 4¢™
(e +1)°

f’(0) =0 ... stationary point at (0, 1)

, _ 4’ —4e™

S @="

(ejr +1)3 (4e’ —8e“)—3(e* +1)2 e (4ex —4e2")
=f"(x)=

£ o
_ de* —16e™ +4e*
(e* +1)4

4-16+4 . . .

S f10) = 16+ >0so (0, 1) is a maximum point

Points of inflexion: f"'(0) = 0
= 4e¥* — 16e* + 4e* =0
=4e* - 16e*+4=0

=>e*—4er+1=0

4+12
2

=e'=

=243
= x=1In(2 +/3)
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WORKED SOLUTIONS

12 a f(x)=(Inx)2 xe R x>0

b f1(x) =22

() = x(z)_21nx _ 2—221nx
X

X

c flx)=0=>hx=0=>x=1 (1,0
f"(1)=2>0 .. minimum at (1, 0)
f"@)=0=>Inx=1=x=e (e, 1)
X 2 e 3
f”(x) 0.153>0 0 -0.0219<0

change of sign
.. point of inflexion at (e, 1)
2

d flle)=¢

y=2x-1
€

z

y-l=c@-¢

\

Jox=e€
area = %(2)(6) =e

13 Radius of sector = AN = g+/3,

1
area of sector = 3

1 T
2 — — 42 i
7 G—Za ><3><3

2
ma

- 2
. _nd
.Sl—T—areaAADE
_7ra2 1 2 o °
=5 =57 sin 60
na’ 1 NE}
=T 132y
2 23a x %
@ 3243 _ @ (2m-343)
2 4 4

V3 AaM _ 3

AE 7

AC~ 22~ 259,y T2
J3 3a
7><a 3:7

AM? 6 A AFG
= 5 x 2 x5~ L AME sin60°

na’ 1 94> \/3

8 2% 4 X7
B a2<67r79\/§) 3a2(27r—3\/§)

16 16

Worked solutions: Chapter 5




WORKED SOLUTIONS

14 Area required = area of regular hexagon of side

Similarly S, = > AC? 6~ 1 AC? sin60° :
2 8 cm — 6 x area of sector of circle

= % 3“;5 2 g - %[3";/3 ]2 g of angle 120° — central czircle
, , _ . . r
"8, = % y 2172 o g B % o 217;1 o g = ? >7<r ;Lr(ia:oi)equﬂateral triangle — 6 x S
= L (187-2743) = 2% (21~ 343) = 6 x L x 2rx 2r5in60° - 377
Hence S, §,, S, form a geometric series =6 x % % 64 x ? —37x16
with 7 = %. 2 = 96./3 — 487
Total area = ﬁ = %(271—3\/3)=a2 (27— 3V3) =15.5 cm?
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