Answers
Skills check

1 a
c
2 a

5x=10
x=2
3 a 2V3-2+V3(1-3)=23-4+3-3
=33 -7
b 7+5\/__—+5f—13f
c (1+\/—)_(1+\/—)(1+\/§)_1+J§+J§+3
(1-3) ~ a-»Ba+3)~ 1-3
4+2\f —_2_ \/7
1 _ 3
4 a (x-2)" (1-2x)
1-2x==-3(x—-2)
1-2x=-3x+6
x=15
b _2x _ 1
2x2+1 x—1
2x(x—1)=2x*+1
2x2—=2x=2x>+1
—2x=1
1
X="7
5 a 35 b -10
Exercise 1A
1 a 0,153 (denominators can be
9 11 13 written as 1 x 3, 3 x 5,
107127 14 5x7,7%x9,9x11,
iii 11 x 13,13 x 15)
9971437 195
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{]" 27 37 4’ 5} b {_4? _3, _2}

{1,2,3,4,5,6}

3x—4)—-2x+7)=
3x—12-2x—-14=0

x=26
3x—2Q2x+5)=2
3x—4x—-10=2
-x=12
x=-12

_1, 07 1}

S5x+4-2x+6)=x—(3x—2)
Sx+4—-2x—12=x-3x+2
3x—8=-2x+2

WORKED SOLUTIONS

athematics as the science
of patterns

c -1+4-9+16-25
241’—5
r=1
10
b -1y
r=1
6
c Y 6(-2)"
r=1

Investigation - quadratic sequences

N=n*-2n+3

n=p-l=nr-2n+3=(p-17-2(p-1)+3
=p?-2p+1-2p+2+3
=p2—-4p+6

n=p =Sn-2n+3=p>-2p+3

n=p+l=n-2n+3=(p+17-2(p+1)+3
=p*+2p+1-2p-2+3
=p2+2

first differences are 2p — 3 and 2p — 1
second difference = (2p — 1) — (2p — 3) = 2 (a constant)

N=2n?+2n+1

n=p—-1=22r+2n+1=2(p—- 1 +2(p—-1)+1
=2p2—4p+2+2p—-2+1
=2p?-2p+1

n=p =52 +2n+1=2p2+2p+1

n=p+1=2+2n+1=2(p+12+2(p+1)+1
=2p2+4p+2+2p+2+1
=2p2+6p+5

first differences are 4p and 4p + 4

second difference = 4 (a constant)

Worked solutions: Chapter 1




N=-n*+3n-4

n=p—1=>-n*+3n—-4=—(p—-17>*+3(p—-1)—-4
=—p*+2p—-1+3p—-3-4
=-p?+5p-8

n=p =>-n+3n—-4=-p>+3p—4

n=p+tl=>-n*+3n—-4=—(p+17>*+3(p+1)—4
=—p2-2p—-1+3p+3-4
=—p2+p-2

first differences are —2p + 4 and —2p + 2

second difference = (—2p + 2) — (-2p + 4)

= -2 (a constant)

Conjecture: For the quadratic N = an? + bn + c the
second difference is a constant and is equal to 2a.

Proof:
n=p—l=ar+6n+c=alp—-172+bp—1)+c
=agp’—2apta+bp—-b+c
n=p Sa*+bn+c=ap*+bp+c
n=pt+l=sa*+bn+c=alp+1P?+bp+1)+c
=ap’+2ap+a+bp+b+c
first differences are 2ap —a+ band 2ap +a + b
second difference = 2a, which proves the conjecture.

Investigation - triangular numbers

Since the second difference is a constant (1) the
triangle numbers can be generated by a quadratic
N=an*+bn+c 2a=1:>a=%
N= %nz +bn+c
n=l=l+b+c=1=b+c=1
n=2=2+2b+c=3=2b+c=1
ab=1c=0

_1 1 _1
N=sm*+5n or N=5n(n+1)

Investigation - more number patterns
Square numbers: N = #?

Pentagonal numbers: N =
Hexagonal numbers: N = n(2n — 1)

n(3n—-1)
2

. _n(5n-3)
Heptagonal numbers: N =225
Polygonal numbers N
triangle 1, nh+1)=2(n+1)
2 2
square n2 = %(2’,’ + O)
entagon n@n-1) _n _
pentag = =2@n-1)
hexagon n2n - 1) = g(4n -2)
heptagon =3 =% 5n-3)

Conjecture: For a polygon with & sides the polygonal
numbers are given by
N=71(k=2)n~(k=4)]
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WORKED SOLUTIONS

Exercise 1B
1 a u=5+n—-1)6
u =6n-1
b u =10+ (n—-1)(-7)
u =-Tn+17

c u=a+(n—-1)2
u =2n+a-2
2 a u,=2+14d=2+14x9=128
b u,=-1+1ld=-1+11x>=2
c u=3+mn-1)4=4n—-1
3 a+3d=18=a-15=18=a=33
u =33+ (n—1)(-5)=38—-5n
4 g+3d=0 €))
a+13d =40 2
2)-(1)=10d=40=>d=4
na+12=0anda=-12
5 Salary after 15 years = u,, = a + 15d
=48000 + 15 x 500
=€ 55500
Need 7 x 500 = 24000

= n = 48 years

Exercise 1C
1 a ul=6 d=13 un=110
6+ (n—1)13 =110

(n—113=104
n—1=8
n=9

S,=5(6+110) =522
b u =52 d=-11 u =-25

52+ (n—1)(-11)=-25
(n—1)(-11)=-77
n—-1=7
n=238
S,=35(52-25)=108
c u1=—78 d=-4 un=—142
—78 + (n— 1) (—4) = —142
(n—1)(—-4) = —64
n—1=16
n=17
S, =% (-78 - 142) = -1870

10
2 a ZS;’+7=12+17+22+ ...... + 57
r=1

= 170 (12 + 57)
=345




b i5—3r=2—1—4 ...... - 40
r :175(2—40)
=-285
3 =60 u,=-3 n=16

60 + 9d = -3
9d = —63
d=-17

2 @x60+15x-7)=120
4 5=25 u,=38
Let the numbers be
u—2du—d,u,u+d u+2d
S=u—-2d+tu—-d+utu+d+u+2d
o 5u=25
u=>5
u,=8=u+d=8=d=3
The numbers are —1, 2, 5, 8,11
5 § =n2n+3)
§$=12+3)=5 . u =5
S,=2(4+3)=14 u+u,=14 - u,=9
nd=4
u =5 u,=9, u,=13, u, =17
Exercise 1D
1 a y=1r=2u=2=32 uy=2""

o u=9 r=3u=9(lf = n=sl (1]

1 3
= _ = 9 = X — = —
2 a r=_,u,=ar’ =43 SE= 3
8 .16 _8_ 3 1
= — - — = - X — = —=
b r=—5"373%%" "%
16 1 1 1
= = - X — = =
Us ar 3 71206 3x81 243

3 a a=003,r=2
=003x2"1=192=2"1=64=>n=7

b a=281, r—f

3
ln—I_l 17171_18 _
six[3f =g=l = =n=9
4 ar’=2 €))
art=18 2
2)+(1)=r*=9=>r=%3
u—ar—§X+3 +§
5 164—9:74—%:1’:‘*'73
:>u7=16r6=16><6771=¥
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WORKED SOLUTIONS

p= 82 _3atl o A4 4=32—11a—4
a—4 a+2

=0=24>-15a—-8
=2a+ 1)(a-8)

1

:a=—50r8
A
o 1
_ 2 __1 _10_5
Hencer—_l— 3orr—z—2
2

Exercise 1E

JJ_ 63
6 = T—39375 or —
2

b s = )19 7(366) op 71261 20

8 1-(-1.5)
(5]
c Sum=1+ =1.33 (3sf) or
3
2

1)
9%}
|

N =

683

d % =01,r=02

0.1(1-0.2"
Sum = 7&0.2 ) £(1-02%)
7( - 515)
=0.125 (3sf)

a Y 57=5+52+5+5+5"1+57

=156.24 or 22%
25

n-1
b > 9x10'=9+9x10+9%x10%+ ...

r=0

+9x10"!

_9(1-10")
1-10
=10"-1
1

=2 u, =g
1

ur*=2 ur®=

128
.
u;r — m
ur’ 2
1
4 =
-7 256
1 -1
r 4 or Z ul =32
32(1—(1)6]
4 1365
S, : o =427

Worked solutions: Chapter 1




WORKED SOLUTIONS

e _3_4_1 . _ o _o_[3}_3_3 x+1 (x+17 (x+1)
4 a u=5=3-1=Lu=5-5=[-3=2 8 1,27 &0 &L
w=8-5,= [3]3 _ [3]2 _9 Convergent when x = —1.5 = —%
3 272 2) 7 8
(x+1)"
_(3 3 3 [14
o =3 -G =G (-1 s=1l )
-3 .
272
. 1 3 = ﬁ
This is a GP with u = 3 and 7 = 5 216
5 P=axarXar’x..Xar"! 1 (1-r")
=grplt2t o tn-l 9 == 1 =kt
=gy =1-0-rmM=kr'(1-7
Reciprocal sequence = é %, #, o WIH, =r=kr ' (1-7)
ie.a GP withu, = 1 and common ratio % =r=kd-n 2
1[ 1] a :>(1+/€)7’:/€=>7’:1+7k
R:ZﬁVT:le:IxLzlLIH _a _ a(l+k
n 1_1 a r r—1 a (r—l)r Hence S = z = l—s-k—/)e
7 1+
S a(l—r r—1)r"" n—
?:: <17;')><a(r"—)1 :azlelxax_lr 1 :a(1+k):(k+1)a
: —er = (k+ Dy,
Hence %] = g?y" D .
s Exercise 1F
= o) 1 a S=4u21%=4ulr
=P? QED 1=4r(1—-7)
6 ar=24 o 1 =4r—4r?
(172:12(P—1)$7’:T 472 —4r+1=0
But 7| < |so-1<Zt<lie-2<P-1<2 Qr—172=0
—-1<P<3 (1) r=
Also 8,=7650 -2 +24+12(P—1)=76 32(1_(1)5}
- 1 2
— 48+ 24 (P— 1)+ 12(P- 12 =76 (P— 1) b u=32 r=; S=——7 =02
=48 - 24+ 12P*>+ 12 =76P - 76
= 12P? = 76P+ 112 =0 s=2 =64
= 3P?—-19P+28=0 2
(3P - 7) Pr-49=0 percentage error = é x 100 = 3.23%
= P= for4
From convergence condition (1), P = 3 2 r= 1’55 85 = 52750
4 w8212 = 52750
Hencer=373 u, = $4000
7 The lengths are a, ar, ar?,
Where a + ar + ar? =2 1) 3 a 2+4+8+16+32=62
But a2 = 2 b S > 1000000
so r?=2andr=+2. 22 > 1000000
As a, ar, ar?are lengths, » must be positive so 7 =+/2. (27— 1) > 500000
Substitute into (1) = a (1 +~2 +2) =2 21> 500001
2 2
= —3+ﬁ=7(3—\/§)metres. n=19
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4 a Letx = monthly repayment

Amount owing after 1 month
=1000 x 1.01 — x

Amount owing after 2 months
=(1000 x 1.01 —x) x 1.01 — x

=1000 x 1.01> = 1.01x — x

Amount owing after 3 months
= (1000 x 1.01? = 1.01x — x) x 1.01 — x

=1000 x 1.01* = 1.01’%x — 1.0lx — x
Amount owing after 24 months

=1000 x 1.01*# - 1.01%x — 1.01%%
- 1.01%"x....—-10lx—x

‘We require this to be zero

Sox+1.01x+1.01%+ ... +1.01%
=1000 x 1.01*

x(1-1.01%) _ 24
“iol 1000 x 1.01

x = $47.07

b Total to be paid = 47.07 x 24
=$1130

Exercise 1G
1 a Oddnumber + even number = 2a + 1 + 2b
=2(a+b)+1,
which is odd.
b Odd number X odd number = (2m + 1)(2n + 1)
=dmn+2m+2n+1=2(m+n+ 2mn) + 1,

which is odd.
2 L 2 _2x+5-2x-2)
x—2 2x+5 (x=2)2x+5)
1 2 9

o x—2_2x+5:2x2+x—10

3 (a+b)2=c2+4[%b)

a’+2ab+ b*=c*+2ab

cat+ b=
4 | 3| 4 |3x4+4 16
7| 8 |7x8+8 64

-6 |- |-6x-5+-5| 25
11 |12 |11 x 12+ 122|144
8 9 [8x9+9 81

The product of two consecutive integers plus the
larger of the two integers is equal to the square of
the larger integer.

Proof: Let the two integers be n and n + 1
nn+D+m+D)=m+1)(n+1)=m+1)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 1

WORKED SOLUTIONS

Exercise 1H
1 p(n): S, = 7”1(11::”)
Step 1: whenn=1,LHS = §, = u,

RHS = 4010 =,

1-r 1

~op(1)is true
w(1-7")
1-r
ul(l_rkﬂ)
1-7

Step 2: assume p(k) i.e., S, =

Step 3: prove p(k+ 1) ie., S,, =
Proof: §,, =S, +u,,,
— k
=S8, +tur
_ w(1-r") k
=1 + ur
ul(l—rk)+ulrk(1—r)
1-r
w (=7 +r* =)
1-7
ul(l_rkﬂ)
Y

B+l 1-r

Since p(1) is true and if p (k) is true then p(k + 1)
is true, by the principle of mathematical
induction, p(n) is true

2 a pn): zr =5 (n+1)2n+ 1)
Step 1 whenn=1,LHS =1
RHS = ¢ (2)3) = 1
s p(1)is true
Step 2: assume p(k) i.e., gﬂ =§(/e +1)
i Qk+ 1)

Step 3: prove p(k+ 1) 1i.e, kﬁrz :@(k +2)
2k + 3)

Proof: kﬁrz :zk:rz + (k+ 1)

= 2(k+ DRk+ 1) + (b + 17
_ (k+1)
T 6

_(k+1)
6

w8 =Dkt )2k + 3)

[#(2k + 1) + 6(k + 1)]

[2k2 + 7k + 6]

Since p(1) is true and if p (k) is true then
p(k + 1) is true, by the principal of
mathematical induction, p(n) is true.

b p(n): izr—l =2"-1
Step i::1 whenn=1,LHS=2=1
RHS=2!-1=1
- p(1) is true
Step 2: assume p(k) i.e., 22"1 =2k-1




Step 3: prove p(k + 1) i.e,, kﬁzf—l =2k1—1

Proof: i 2r-1= izr—l + 2*

=2F—-1+2k=2(2H -1
%27—1 =k+1 1

Since p(1) is true and if p (&) is true then

p(k+ 1) is true, by the principal of

mathematical induction, p(#) is true.

c p(n): 13+23+33+....+n3:§(n+1)2

Step I: whenn=1,LHS=1°=1

RHS = § (2)° = 1

~op(1) is true

Step 2: assume p(k)ie., 1°+ 23+ 33+ ... +&°

_ K )

=L (k+1)

Step 3: prove p(k+ 1) i.e,,

P+2+3+. ... +kE+(+1)

= &0 (e + 2y

Proof: 1°+2*+3*+ ... .+ B+ (k+ 1)

= %2 (b+ 17+ (k+ 1) = 7(/611)2 [k2 + 4k + 4]

B2+ (k1)Y= LZDZ (k + 2

Since p(1) is true and if p(&) is true then

p(k + 1) is true, by the principal of

mathematical induction, p(») is true.

d p(n): Zn:r(r+2):% (n+ 1)2n+7)

Step 1: whenn=1,LHS=1(3) =3

RHS = £ (2)(9) = 3

- p(1)is true

Step 2: assume p(k) i.e.,

Srr+2)=% (e + 12k +7)

Step 3: prove p(k+ 1) i.e.,

Sr(r+2)=%D (b +2)2k +9)
Proof: kﬁr(HZ) = 3r(r+2) + (k+ 1)k +3)

=Sk + 1)2k+T7)+ (k+ 1)
(k+3)

= &0 [k +7) + 6(k + 3))

=& 2 + 13k + 18)

o S +2)=E D (e + 2)(2k + 9)

Since p(1) is true and if p (k) is true then
p(k + 1) is true, by the principal of
mathematical induction, p(#) is true.
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Exercise 1|
1 p(n):7"-1=64 (Ae 7Z)

Step l: whenn=1,7"-1=7-1=6

- p(1) is true
Step 2: assume p(k) i.e.,
7" —1=64

Step 3: prove p(k + 1) i.e.,

7**1—1=6B (Be 7Z)

Proof: 7#*' - 1=7(7) -1
=764+1)-1
=424+7-1
=424 +6
=6(74+1)

TP —-1=6B

Since p(1) is true and if p (k) is true then p(k + 1)

is true, by the principal of mathematical

induction, p(n) is true.

2 p(n)1+3+5+7+.... +Qn—1)=n

Step 1: whenn=1, LHS=1
RHS=1?=1
~op(1) 1s true

Step 2: assume p(k) i.e.,
1+3+5+7+....+Rk—1)=F

Step 3: prove p(k+ 1) i.e.,
1+3+5+7+....+R2k-1D+2k+1)
=(k+ 1)

Proof: 1+3+5+7+....+Q2k-1)+Q2k+1)
=+ Q2k+1)

L1 +3+5+7+. ...+ R+ 1) =(k+ 1)

Since p(1) is true and if p(k) is true then p(k + 1)

is true, by the principal of mathematical
induction, p(n) is true.

3 p(n):9"-1=84,wherede Z

Step 1: whenn=1,9"-1=8 p (1) is true

Step 2: Assume p(k) i.e.
9¢-1=84

Step 3: prove p(k + 1) i.e.
91 -1=8B(Be Z)

Proof: 9#*1 -1 =9x9*%~-1
=9@B84+1)-1
=T72A+8
=8094+1)
;91 -1 =8B

Since p (1) is true and if p (k) is true then p (& + 1)
is true, by induction, p (n) is true

Worked solutions: Chapter 1




4 p(n):n*—n=6A4 wherede Z 7

Step l: whenn=1,-n=0=6x%x0
p(1) is true
Step 2: Assume p(k) i.e.
B —Fk=64
Step 3: prove p(k + 1)i.e. (k+ 1)) - (k+ 1) = 6B
where Be 7Z
Proof: (k+ 1P —(k+ 1)=F +32+3k+1—-Fk—-1
=k + 3K+ 2k
=64+ k43K + 2k
=64+ 3(F + k)
=64+ 3k(k+1)

But k(k + 1) is either odd X even or even X odd so
is divisible by 2.

. 3k (k + 1) is divisible by 6.
s (k+1P—(k+1)=6B

~. Since p(1) is true and if p(k) is true then
p(k + 1) is true, by induction p(#n) is true.

5 P

n+1

o]
Step 1: when n = l,gm: &Z%
no_ 1 . :
and = = p(1) is true
Step 2: assume p(k) i.e. Z +1 = kiﬂ !
Step 3: prove p(k + 1) i.e. Z +1) = /%;
Proof: erﬂ —;,Hl (k+1)(k+2)
_ B42k+1 _ (k1 _ k+1
(k+1)(k+2)  (k+D)(k+2) k+2 2

Since p(1) is true, and if p(k) is true then p(k + 1)
is true, by induction p(#) is true.
6 p(n):2"*2+3"*"1=T74where Ae Z
Step 1: whenn=1,2"*2+ 3*1 =224 33
=8+27=35+7X5
- p(1)is true
Step 2: assume p(k)i.e. 2872 + 3%+ 1 =74

Step 3: prove p(k + 1) i.e. 2¢*3 + 3%**3=17B
where Be Z

PrOOf: 2k+3 + 32k+3 — 2(’7A — 32k+1) + 32k+3
— 14A + 32/€+3 —_ 2 X 321e+1
=144 + 3**1(9 - 2)
=144+ 3%*+1x 7 4
=7Q2A+ 3**1'=7B
Since p(1) is true, and if p(k) is true then p(k + 1)
is true, by induction, p(n) is true.
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1 1 _11 _49
) g’ 9’ 27’ ﬁ
p(n):u, = 3[%] -1
Step1:Whenn:1u1:1and3[§]— 1=2-1=1
- p(1) is true

Step 2: Assume p(k) i.e. u, = 3[%] -1

1

Step 3: Prove p(k + 1)ie. u ., = 3[%] -1
Proof: u,., = %

k
2><3[g] -2-1
— 3
3
k

Since p(1) is true, and if p(k) is true then p(k + 1)
is true, therefore by induction, p(n) is true.

Exercise 1J

I =T7=8x 7 =T1=7xT7!
100 =9!'=10%x 9! -9 =9 x 9!
S5I=4l=5x4l -4l =4 x4l
95! — 94! = 95 x 94! — 94! = 94 x 94!
n+D—nl=m+Dnl-nl=nxn
a H__1 _1
6! 6x5 30
b 5x31_3'_4
6! 6
c X% =81x6=241920
nl+m-D! _nxn-D!+@-D! _ n+1 _ 1
a n+D! T (m+Dn@mr-D!  (n+Dn n
b A=(=D!_ =D (=2)!- (n-1)(2-2)!
n-2)t ~ (n-2)!
=nn—-1)—-(n—-1)
=n-1)(n-1)
=(n-1)y?
c (n!)2—1:(n!—l)(n!+1):n!_1
n'+1 n'+1

@n+2)!(n)? _ (2n+2)Cn+1)2n)! (n!)
[(n+ DI Cn)! — (n+1)* (n!)* 2n)!
2(n +1)(2n+1)
(n+1)?
_202n+1)

(n+1)

Worked solutions: Chapter 1




Exercise 1K
1 26%x25%x24=15600
2 a 12!=479001600

b 4! x 3! x4l'x 2! x31=41472

8
3 (4} = 70 weeks
4 a (ZOJ = 4845
4
8 12
b 4845 — 4~ 4 = 4845 — 70 — 495 = 4280

6Xx7x7%x4=1176
b mustendin 0O 6xX7x7%x1=294
6xX5%x4x%x1=120

5x5x%x4x3=300

ending in 0

endingin2,4 or 6

120 + 300 =420
6 26°x10°=17576000

Exercise 1L
1 a n_ n! n n! n!
7 m=)r! |\ p—r (n (n=r)!(n- r)' rli(n—r)!
b n+l) ey
r | (mr1=n)tr!

n + n n! n!
7 r—1 (n r)'r' (n-r+DI(r-1!

_(n—r+Dn!+m!
T (m-r+Dir!

_ nxnl+n!
T (n—-r+1)lr!
_ nl(n+1)
T (n—-r+1)lr!
(n+1)!
T (n—-r+1lr!

(n+1 (7 n
B O B % * r—1
2 a (1+2x)“=1+[111] (2x)+[121] (2x)* +

11 X
(3](2x) +

=14+22x+220x%+ 1320x% + . . ..

7 7 7 2 7
b (1-3x) =1+ [1] (—3x) + [ZJ(—3JC) + [3}

(=3x)* +
=1-21x+ 189x% — 945x3 + . . ..
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WORKED SOLUTIONS

5 5 5
c Q+5x° =25+ [1] 24 (5x) + {2} 23 (5% + [3J
22 (5x) +
=32 + 400x + 2000x2 + 5000x3 + . . ..
9 9 _ 9 oV 9
_X] =99 8 (=% 7(=% 6
d (2 3j 2 +[1]2 [3)+[2J2 [3) +[3]2
(Tj +....
=512 768x+ 51247 - L2 x3+ ..
7
a (1-4x 4thterm = [3] (—4x) = —2240°
20 20
x _ - 95
b (l_fj 3rd term = [2 ]( 5 ) . 2 2

¢ (2a—b)® 4thterm = [i} Qay (-b)* = —17928°F

[142] 2x)} (Lj = 126720

24.£+

@+ 2y =29+ 202

5. x (5., w0
2 23.254_{3]22.

xS

1
5
4 2 @ 3125

80x 40x° 2x* x°
= + =+ =+ — +
32 + 16 125 125 3125

8¢ L2t ¥
25 125 3125

Q2+ 32 + 0.8 + 0.008 + 0.00004
+ 0.0000001 + ...

= 32.80804 (5 dp)

(VN2 -3)=4-4x2V2x3+6x2x3-4

2 x 3.3

=4-8V6 +36-
=49 - 20/6

=22 +3X2x% =

J5
+3\/§xi+

1
545
¥+——ff+

(1—\/_)5=2><5><I+2><10
X (N7 +2x (J7)
=10~/7 + 1407 + 9847
=2487
=2+ 2xy+ 1y = (% —2xy+)?)
:4xy

_ la+d) (a
=4 7

:32+16x+16?"+

2017 =@2+ 22y =

126 +9

(-2

W2+ 5y

(2]

(1+~7) -

a a#-"b
b) (usmg 2x=a+ band

2y=a—b)
=(@+b)(a—b)=(@—-b)(a+d)

Worked solutions: Chapter 1




b @=x+32y+3x2+y
P=x-32y+3x) - y’=ad-b0=6>%y+2y
=2)(3x* + %) = (a = ) 3x* + )

=(a-Db) 3(a;b)2 +[“T_b]2

=8 30 4 6ab+ 30 + @ — 2ab+ F]

b
4
= =0 (402 + dab + 48)
=(@—-b)(@+ab+ b
c d=x+43y+ 622y +4xy  +y*
br=x—4x y + 6x° y* — dxy’ + y*
=a - b =8y + 8x)° =8xy (x* +)?)
:8(“+b)@(xz+yz)

2

=2@a-b)(a-b) {[“*b]z +

afb]z
2

2

=2(a-b)(a+b) 7+"7]
=@-b)(a+b) @+
(@-by(@ '+a tb+a P+ ...+

e Letp(n)bea"—b'=@—>b)(a '+a""%b
+ ...+

Whenn=1,a'—b'=a—bsop(l)is true.
Assume p(n) is true for n = ki.e. a* — b
=(a—-b)(a'+a b+ ..+Db)
Prove p(n) is true forn = k& + 1:
A= Pl = g x gk — Bl
=alla-by(@ '+a2b+ ..
+bk—1)] + g X bk_bk+1
=(@-b)[a*+d b+ .. +ab]
+abk_bk+l
=(@-b)(a"+dad b+ .. +ab ")
+(a_b)bk+bk+1_bk+l
=(@a-by(@+ad'b+.. a1+ 1)
- p(k+ 1)is true.

So, since p(1) is true and if p(k) is true then
p(k + 1) is true, therefore by induction p(#n) is
true.

Review exercise

S

u,=16 S, =84
u r=16 u tu r+ur=_84
”1=? u (I+r+r?)=284
B+r+r)=84
16 + 167 + 1672 = 84r
16/ — 687+ 16 = 0
472 - 17r+4=0
(4r—1)(r—4):0r=ior4
if r:%,u1:64 64, 16, 4
if r=4,u =4 4,16, 64
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WORKED SOLUTIONS

1+3+4+6+7+9+10+12+....+46
=(1+4+7+....+46)+(3+6+9+....+45)
=2 (1+46) + 12 (3 +45)
=376 + 360 =736
c-b=b-a =% a+tbtc=S (3)
natce=2b (1) bc=a> (2)
substitute (1)in (3) 26+ b=
-9 . ,_33
3b—7 ..b—2
at+c=-3 _7362622
c=—3-a .'._73—3—a)=cz2
9 + 3a =24
20 =3a-9=0
2a+3)@-3)=0
=3 or3
d—ZOI‘
a#?sincea#b La=3 c¢c=-6

The three numbers are 3, %3, -6
1,3,7,15,31,63

p(n):u =2"-1

Step l: whenn=1,u,=1=2'-1

- p(1) is true.

Step 2: assume p(k) i.e. u, = 2* - 1

Step 3: prove p(k + 1)i.e u,., =2¢""' -1

proof: u,,, = 2u, + 1

=202 - 1)+ 1
=28 1-2+1
=Qk+1 _ 1

Since p(1) is true and if p(k) is true then p(k + 1) is
true, by the principal of mathematical induction,
p(n) is true.

p(n): 3" —8n—-1=644(Aec Z,e 7"

Step 1: whenn=1,32-8-1=0

- p(1) is true.

Step 2: assume p(k) i.e. 3% — 8k — 1 = 644

Step 3: prove p(k + 1) i.e. 32¢*D - 8(k+ 1) — 1
= 64B (Be 7)

Proof: 32¢*D - 8(k+ 1) -1

=3%*(3)-8k—9

=9(644+8k+1)—8k—9

=576A4+ 72k+9 —-8k—9

= 5764 + 64k

=64(94 + k)

=6B

Since p(1) is true and if p(k) is true then p(k + 1) is

true, by the principal of mathematical induction,
p(n) is true.

Worked solutions: Chapter 1




The spiral consists of 1.5 of the sides of the
first eight squares and one of the sides of the

ninth square.

length = 1.5 [1+1

1 8
(%
=15 Zj +1=486
INRNST
N
length = 1.5 | —+ |=5.12

The spiral consists of 8 triangles

area=4(3]+(35

n+l]  (n+1)! n—1| _ (n-1)
4 |~ (n-3)14t b 9 | (m=3)2
(n+1)! 6(n—1)!
(n—3)14! ~ (n-3)12!
(ntl)n _
24
mw+n=72
mw+n—-72=0
n+9Hn-8)=0
. n = 8 (n cannot be negative)
n) (n n n
7 (1+xr= ol tly]*+ 2x2+...+ MESS N
n n n n n
a Letx:1,0+l+2+..+y+ '+n
n| (n) (n n
b Letx=-1, o1 +1, —-...+ (D . + ..
o[l =0
+ (=D |=
|
Review exercise
1V L (1Y — 21 =1
12 (3)+(3) = ¢=2 073
AV (Yo p _1 _1
[zﬁj +[2J§j b =3 b=3
1Y, (1) _ 1 1
)+ 5] =2 =y T

j2+(ljz+----J to 8 terms

4
:%(l+%+%+....)t08terms
(-]
4 2
Area =7 (1 ) = 0.249
=3
1
1
Area = jl} =0.25
2
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WORKED SOLUTIONS

a 14— 908107200
3121212121

b Consider 5 digit and 6 digit numbers ending
in 0 or 5.

5 digit numbers:
4x6x6%X6%x2=1728
6 digit numbers:
5X6X6%X6X%X6x%x2=12960
1728 + 12960 = 14688

c 4 x (21 =384

M (W 6 4 6 4
> |3 2><3+1><4
=15x4+6x1
=66

n n n
Coefficients are b
r=1]\{r])|r+1

n! n! n! n!

(n—r—l)!(r—l)!_(n—r)!rl - (n—r)!rl_(n—r+l)l(r—1)!

Divide by 7! and multiply by ( + D)! (n — r + 1)!
n—r+1)(n-rn-(@F+1)

n—r+1)=@F+1)

n—r+1)—(@+ r

n—r+1)(n—r —2

F+D(m—r+1)+

r+1r=0

m—m—-—m+r*+n —r—2m+2r2-2r—2n+
2r=2+r*+r=0

n—=4dm+4r*—-n—-2=0
n”+4r’=2-n@r+1)=0

n=14, 196 +4r*—-2-144r+1)=0
472 = 56r+180=0

r’—14r+45=0

F=50-9=0

r=5o0r9

Th Fici 14) (14) (14 or 14) (14) (14
e coefficients are alls e g o llio

Both sets give 1001, 2002, 3003.

Worked solutions: Chapter 1






