Answers

Skills check

1 P-1,5Q2,1HPQ2=(-1-2y+(B-1)%*=25
PQ=5

2 A(1,3)B4,9)
a gradient = % =

b y-3=2x-1)=y=2x+1

Exercise 11A

1 a opposite sides of a regular hexagon are equal

—» —»>
and parallel ... AB =ED
—> —>
b i FCand ED
—_—» —»> —» —> —>»>
ii AD, DA, BE, EB and FC
No, 2 sides of a pentagon are parallel .. the
vectors in the diagram are all district.

b No, since no 2 vectors in the diagram are
parallel and equal in length

Exercise 11B

X

(at+nb)+ec

— —»> —» —» —>
AF + BC=AF + FE = AE
11— —> —> —»> —>
b ;AD+ED=FE+ED=FD
—_— —> —> —> —>
¢ 2FE-AF-FE=FE + FA
_—» —» —» —
=FE+ EO=FO =AB
1> -2 1> 1= —> —> —>
d ;(AD+BE)=;AD+;BE=AO +OE =AE
1= —> —> —3> —>» —>
e FC+BC=0OF+FE=0E=CD
— —> —»> —»> —»> —> —>»
f 2ED-AF+AB=CF+FA+AB=CB
(other answers are possible in this question)
—>
i AC=u+v
—>
ii HB=u-w+u=2u-w
—>»>
iii CE=-v-u+w-u-v=w-2u-2v

—>
iv AF=w-v
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42 2 _ g2
1 D C COSB—ﬁ——E
2x4x3 24
3 s ABC=117
A 4 B

ii area ABCD =2 Gx4x3xsin 1170)

=10.7 sq. units
3Xx-u=6v+2u=3x=6v+ 3u
=>Xx=2v+u
2x—-w)+3u-v)=0=2x-2u+3u-3v=0
x=+(3v-u)
2
1

E(x—u)z%(x+v):3x—3u=2x+2v

=x=3u+2v

Exercise 11C
1 ACL3) CG5,4 17,8

i A= LAl o[P[0 3
2 2|\ 4 3 2(1 0.5

e e

i AE=AB +=CI

2

2
—> —> —» (-3 1
i BF=BA+AF= + =-2i+1.5j
-0.5 2
—> —> -3 2
i CH=CB+BH= + =—i+3.5j
-0.5 4
— —> — [0 1
iii DG=DF +FG = 1 +2=—51+]

Worked solutions: Chapter 11




2 P0,2,-1)Q2,1,1)

0 2
—> —>
a OP=| 2(0Q=|1
-1 1
2 0
—
b PQ=|1|-|2 |=2i-j+2k
1 -1
2 1 1
—>»
3 a AB=|3|-|1]|=[2
3 1 2
3 1 2
b AD=|0|-|1|=|-1
0 1 -1
3 1 2
—>
c AE=| 2|-|1|=| 1
-1 1 -2
1 2 2 5
— —> — 2
d AG=AB+BC+CG=|2|+|-1|+| 1|=] 2
2) {-1) |-2 -1
-1 2 1
—  —>
e BD=BA+AD =| -2 |+|-1|=|-3
-2 -1 -3
1 2 3
—» —
f BH=BD+DH=|-3|+| 1|=|-2 3
-3 -2 -5

4 P(-3,1)Q(, 7)R(-1,5)

s or-(Jealer-(3)
1 7 5
b M(, 4) N(-2, 3)
< &)
5) \7) (=2

= 2= 3] . ok = 2 M (QED
(H{a)-(3) e

Exercise 11D

1 a u+(—u)=[ul)+

()74 (6) o oo
o wetrem L)

(Lol ()

=(u+v)+w (QED)
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WORKED SOLUTIONS

e )l o

o) =[S0 < e [ 2 |- )
ED

(Xﬂl/lz ﬂ(ll/lz o,
(QED)
(v, (o(w ) [(au+an
d a(u+v)=a w4, ) oy +v,)) o, +av,
+(“”j:a[%]+a[”]:au+av(QED)
ov, u, V2
A +,3 1 1+ﬂ1
e (OHﬁ)“:(O‘+ﬂ)[ZZJZ(EZ+,B;ZJ:[ZZz+ﬂzzj

(”1 j _ qu+ Bu (QED)

U,

(QED)

(QED)

cy3 7

LX=D Y=g

a ut(v+2u)=3u+v

b (u-v)+2(v-2uw)=u-v+2v-4u=-3u+v

3&(“_"”%(‘"“)j2%(“—V)+(v—u)=—lu+1v

2772
a=2i-3j b=-i-2j
aa+ fb=3i-j
Loo2i-3)) + B(-i-2)=3i—j
oa+ fb=3i-j

- a(2i - 3j) + B —2j) = 3i - j
20-P=3,-3c-2B=-1 .. a=1
6i—2j=2a-2b

B=-1

Exercise 11E

-1
5] vi=+26 L

5
(o)}
VN
|
[, T
N——
I
-~
|
N N —
0“ 0\‘
N—_—

o (.3
e v=(7) =3 1))
y

Worked solutions: Chapter 11




2 2
-2 -2 BN NG
2 a v= vi=~/5 il[ Jz \Eor Vs
1 51 1 1 _L
J5 NG
5 5 _5 S
_|~ _ 1 [72]_| V29 V29
b v= ) lvI=+/29 izg[_ =l ori
V29 V29
0 0 0
c v= or
-1 -1 1
1 1 = =
d v:[_] lv|=v2 il[_]_ 2 |or V2
-1 2(-1 _ L -1
2 V2
2
3 w=2i-3j j=Vi3 v=_zu=""
J13
4 _4
_ ) _ |13 13
4 a \u\—\/ﬁ v—i? u_6or{6
13 13
_4 4
- —+2 g=| 3 3
b |u=3 v_iSu ﬁor Y
3 3
2 2
_ 13 13|13 J13
c |ul=+26 v-iTéu—J_r 7u—io1r_73
13 V13
5 u=-4i—6jlu =52 =213
W:%u=—2i—3j
. o 5
6 u=i-3j lu/=+/10 t:iﬁu
-5 s 15 —_ 0 s 15
t—ml «/ﬁj or t= «/EH_«/EJ
v
7 u=_-! e L v cu=kv (£>0)
\/v12+v22 v, \/v12+v22
- is in the same direction as v (QED)
G S |
L O T o e

. w has magnitude 1 (QED)
my,

,
8 uzim[ ‘]:J_r ‘V‘

mv,

vl

2

2 2 2
‘ ‘2 _mv | mv} _ m (vl +v2)

= =m
f v+

vl

- |lul =m (QED)

Exercise 11F
1 a AQ2,5 B(5,6) C4,2) D(,1)

> 3o H0
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WORKED SOLUTIONS

<L
IO

— —> —> 3 -1 —4
c BD=BA+AD=- 1J+( 4):( 5)

2 A(2,6)B(-2,4)

)

4| 6|2
b AB=(-2-2) +(4-6) =20=25
~1ABI =245

c M(0,5) M isthe midpoint of AB

—> (% -2) > (2-x
d LetP(x,y) AP= PB =

» —6 4=y
—> —>
AP=2PB . x-2=2(-2—x),y,-6=2(4~-y)
x-2=-4-2x,y -6=8-2y,
3x, =2 3y, =14

-2 14
X, = — =
'3 173

v x2—2 o~ —2—x2
I—f:Q(xzﬁii)a AQ_(y2—6) QB_ 4—)/2
AQ =-20B

nx,=2=-2(-2-x),y,-6=-2(4-y,)
x,—-2=4+2x,y,-6=-8+2y,
x, =6 y,=2
- Q(-6, 2) I
/Q IABI < [PQI
6
A
—> . —>
PQ has greater magnitude than AB
P(4,-1) Q(6,-3) R(2, 1)

— 2 —> -2 —> —
PQ = PR = PR =-1PQ
-2 2
> —>
-. PQ and PR are collinear
~. P, Q, R are collinear (QED)
A(a,a-1) B2, 2a) C(0, 3a)

AB=[277 At ,,.7| AC-iab
AB= 241 A 2a+1 =kAB

L —a=k2-a)
2a+1=kKka+1)
—a*—a=4a+2-2d*—-a
@?—-4a-2=0
a:L ';6+8’a:2i\/6

. —a _2-a
" 2a+1  a+l

Worked solutions: Chapter 11




5 S(2,-3) U(-1,2) N(1,-4)

—> (-3} —> (-1} > —
SU = 5 SN = 1 SN # kSU

=S, U, N are not collinear
.. they form a triangle (QED)

6 P(a,b) Q(d) Rlf)

-b _e—a _(f-b)(c-a)

d-b c—a —e—a= d-b
(f-b)(c—a)
) 55 _ d—b _ f-afc—a
- PR= (f-b)(d—b) | d—b(db]
d-b

—>»  f-a—> —> —>
~PR=5—PQ .. PR=%kP
- P, Q, R are collinear points

7 a X]E _ sin2x — sinx
cos2x —(=1+ cosx)

2sinxcosx — sinx
2cos’x —1+1—cosx

sinx (2cosx — l)J

2c0s’x — COsx

cosx (2cosx —1)

sin x
=2cosx — 1( j

COos x

Therefore for any value of x, AB is collinear

with [ 3%

cos x
B ) 2
b |ABI =|2cosx —1|v/sin’x + cos’x

=|2cosx —1|\ﬁ

=[2cosx — 1|

_(sinx(2cosx —1) J

Exercise 11G
1 u=-2i+3j+k v=-i+2j-3k
a utv=-3i+5-2k
b -3u=6i-9j-3k
¢ 4u-2v=-8i+12j+4k - (-2i + 4j — 6k)

=-6i+ 8§ + 10k
d 2u-v)=-2(-i+j+4k)=2i-2j-8k

2 -1 0
2 a=| 3| b=| 2| c=|1
-1 -2 3

1 5

a atb+c=|6 b 2a-b+c=]|5

0 3
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WORKED SOLUTIONS

3 0 6
c 2a-b)-3c=2(1|-3|1[=]-1
1 3 -7
S
2
1 1] a|_| 3
3
2
e |a=+14 f |b|=3
1
g atb=| 5 .‘.|a+b|=\/£
-3
3
h a-b= \a—b|=x/ﬁ

3 A(0,2,1) B(-1,-1,-2) C(1,-3,0)

-1 1
a Xﬁ: -3 _Ez =
-3 -1
-2
b AB-AC=| 2| BE=AC-AB=2i-2j+2k
0 -2
4 y=| 1
-2
0
0 |1 0
| L] b | 5 J5
2 V5 _2 ¢ 2
2 J5 7
-2 NG
5 A4,-1,3) C(0,-2,5 D(5,1,6) G(1,-4,6)
-4 1 1
—> — —>
a C=|-1|] AD=[2] CG=|-2
2 3 1
-5 -1
—> —»> — —> —»> —>
b AB=AC-AD=|-3| OB=0OA +AB=|-4
-1 2
1 5
—>» —» —» —»
AE=CG=(-2| OE=0A+AE =|-3
1 4
1 0
— — —» —» —»
BF=CG=|-2| OF=0B+BF=|-6
1 3
2 6
-—=> —>_|0 — > —> _
AH=AD-C H=0A + AH
4

Worked solutions: Chapter 11




Exercise 11H

) )

x=1+Ay=3+2A

2x-2=y-3
y=2x+1

1 2

2 r=|-1+A|-

1 3
x=1+2Ay=-1-Az=1+31
ol _y+l_z-1
2 -1 3
x+1 _ 2y _ x+1 _y _z-1

3 S =5 lm e
2
3 6
-1,0,1) %or 3
1 2
4 a eguseA=0,1,-1

(1,1,-1) (0,1,2) (2,1,-4)
(other solutions are possible)

b x=1-41 y=1 z=-1+3A
AtP,y=3#1 .. Pdoes notlie on L (QED)

0 -1
c r= 31+Al O
2 3
5 a egusek=0,1 (1,0,2) (2,-1,2)
b direction of line =i —j 2
4 (e . o . ﬁ
u=iﬁ(1—_])=i(2\/§1—2ﬁ])=i _%
0
Exercise 111
1 u-v=15x4xcos30°=3/3
2 u-(-v)=u||-v|cos (r— 6)
= [u| |v| cos (- 6)
=—u||v|cos 6
=—(uv)
(—u) - v=|-u||-v| cos (m— 6)
= [u |v| cos (w— 6)
= —u||v|cos 6
=—(uv)
su(-v)=—(u-v)=(-u)v (QED)
3 60° Let the length of the
C sides be x
120°
A B
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WORKED SOLUTIONS
1

—> —> )
a AB-AC =xycosa=x
—> —>
b CA-CB
=y’ —x* COS(Z—QJZy\/yZ—xZ sina = y*sin” a
— —
c AC-CB
:y\/yz—xz COS(;[-FQ):—yxlyz—xz sina.=—y’sin’ &
B Area =4
3 x2x5sin6=4

. 4
-.sin 0= 5

3
A c cosGZig

—»> —>
AB-AC=2x5cos6=%6
Angle betweenuand u =0
u-u=|ullucos0=u? (QED)

u+v iflu+v=u-v|
y the parallelogram is a
vy rectangle and the angle
” between u and v is %

u-v=u|vjcos =0  (QED)

diagonal AG =72 +2% +3% =62

Je2 AN

(2] (2] 2 oy

2
ZXE 62 _ﬁ

X ——

cos BOC =

a OB=0C='‘%

Exercise 11J

a u-v=-12+24=12
b u-v=-1-3+10=6

2 A(-1,3,2) B(-1,1,2) C(,-1,1)

0 2 2
B=|-2| BC=|-2| AC =|-4
4 -1 3

—> —>
AB-BC=0+4-4=0
—> —>
AC-BC=4+8-3=9

Worked solutions: Chapter 11




3 a 0(0,0,00 A(0,0,1) B(1,0,1) C(1,0,0)
D, 1,0) E@©,1,1) Fd,1,1) G(1,1,0)
1) (1
—> —>
b OF-OG=|1]|1]=2
1/10
1 0
—» —» —»
AF=|[1| BG=| 1| AF-BG=1
0 -1
4 a o c AC=242
. ~OA=0B=0C=0D=42
2
A 2 B

[SRIN)

Volume = 5 x4 x OE = 5 .. OE =2
A(0,~2,0) B(+2,0,00 C(0,+2,0)
D(—/2,0,0) E(, 0, 2)

0

V2| EAI=6

(-2
>y
Il

=t
Il
(@]

. 6+6-4 8
c cos AEB = 2ol — 12

AEB = 48.2°

Exercise 11K

1 u=2i-3 v=i+2j
uv=2-6=-4 [u=+13 |v|=+5
cos@zﬁ%f@ L 6=120°

2 u=i-2j+k v=2i—-j+k
uv=2+2+1=5 |u|=\/g |v|=\/5
cos 0= 3 . 0=33.6°

3 A(-1,1,1) B(1,-1,2) C(,3,-1)

2 3

—> —>
a AB=|-2| AC=| 2
1 -2

—» —>
AB-AC=6-4-2=0
ncos@=0..0=90°

1
b BC=| 4|BC-AC=3+8+6=17
-3
BC =26 1ACI =17
17 ]
COS@ZW 5. 060=136.0

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

4

WORKED SOLUTIONS

uv>0.aa-2)+3@-4)>0

a+a-12>0

When (a—3)(a+4)>0

a=30r-4 .. a<-4ora>3

u =sin 3oi - cos 3o + 2k

vV = cos ai — sin o — 2k

a wv=sin3ocosu+ cos3asinox—4
=sindo—4

lul? =sin’30 + cos’3a+4 =5

Soal = NG
s jul =45

[V =cos? o+ sina+4 =5
sinda —4

5

- cosf=

sinda —4
5

b cos150° =
J3 __ sinda -4

2 5
sin4do = —0.3301
4o = 3.478, 5.947,9.761, 12.230, 16.044,
18.513, 22.328, 27.796

o =0.870, 1.49, 2.44, 3.06, 4.01, 4.63, 5.58,
6.20

c sinda<4 .. sindo-4<0

.. cos 0<0 .. O1is obtuse (QED)
4 b ¢ d,
Leta=|a, | b=|b | c=|¢, | d=|4d,
e b, & ds
a, +b ¢ +d,
atb=|a,+b, | c+d=|c,+d,
a, +b, ¢, +d,

(@+b)y(c+d)=(a, +b)(c,+d)+(a,+b)
(6 +d)+(a,+b) (e +d)
:alcl+aldl+blcl+bld1+a262+a2d2+b262
+b,d,tac,tad +bc,+bd
:(alcl+a262+a363)+(a1d1+a2d2+a3d3)
+(b1(31+b2€2+b3€3)+(b1d1+b2d2+b3d3)
(QED)

=ac+ad+bc+bd

Exercise 11L
1 u=i—j-k v=i-2j+k w=i-k

-3
a uxv=-3i-2j-k=|-2
-1
2
b vxw=2i+2j+2k=]|2
2
0
c ux(vxw)=-4j+4k=|-4
4

Worked solutions: Chapter 11




2
d (uxv)xw=2i-4j+2k=|-4
2
1
e uxw=i+k=|0
1
-2
f (uxv)xUxw)=-2i+2j+2k=| 2
2
0
g Wrv)X-w)=Q2i-3)x(j)=-2k=[ 0
-2
2 u=i-j-k v=i-2j+k w=i-k
Fromgn. 1, u x (v x w) = —4j + 4k
(uxv)xw=2i-4j+2k
Sux(VXW)#E WX V)XW
.. not associative (QED)
3 wu=0andwv=0
Sowu +wyu, +w,u,=0and
wov tw,v,+w =0
uxv=(u,v,—uv)i+ @, v, —uv)j
+(uv,—u,v)k
wx@xv)=[w,(uv,—u,v)-—w,(u,v,—u v)li
+ [wy (u, v, —u, v) —w, (u, v, —u,v)]j
+w, (v, —u, v) —w, (u, v, —u, v,) k

= [u, (w,v, + wyv)—v, (w,u, + w,u)] i
+{u, wy v, +wov)—v,(w,u, +w ou)lj
+ [u3 (wl 1/l + WZ
=[u, (=w,v)—v, (~w u)li
+ [y () — v, Cw, )] §
+ [uy, (~wyv) —v, (~w,u)| k=0
wx (uxv)=0 .. wand u x v are collinear

4 A(-1,3,4 B(,7,5) C(3,9,6)

v) = v, (w u +w,u)l k

) -3
— — — —» —
a AB=AC=| 2| OD=0A+AD=| 5
1 5
~D(-3,5,5)
6 2
—> 4| ==
b AB BC =| 2
1 1
2
— —
ABxBC=| -8
20

¢ area = |ABxBC| =4+ 64 + 400
—J468 = 2117
= 6413
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b ux(v+w)=|u,

WORKED SOLUTIONS

a A(1,0,2)B(2,3,3)C(-3,-1,2)E(2, 1, 4)
-5 —4
—> —> —> =  —>
AD=BC=|-4| OD=0OCA+AD=|-+4
-1 1
D (-4,-4,1)
—» —»> —>
Volume = (AB x AD) - AE
1 -5 1
T <
ABxAD=|3 |x| 4 |=| 4
1 -1 11
1)(1
Volume=|-4 || 1
1112
= 19cu. units
a uxv=(u,v,-uv)i+ v
+(uv,—u,v)k
=-(vu,—vyu)i-(v,u
-, u,-v,u)k
vxu=,u—v,u)i+ (v, u
+ (v u,—v,u)k
~uxv=-vxu (QED)
u, v +w,

(-2

—u, v3)j
-7, u3)j

-V, u3)j

X |V, tW,
Uy vy + W,y
= [u, (v, + w,) - 1:13 (v, + w)li+ [u, (v, +w)
—u (v, +w)lj+[u, (v, +w)—u (v, +w)lk

[(u2 v, = U, vz) + (u2 w, — u, wz)] i

+ [y v, —u, v) + (u, w, —u, w)lj
+ [, v, —u,v) + (4, w,—u, w)l k

=(u,v,—u,v)i+ U, v, —uv)j
+(uv,—u,v)k

(U, w,—u,w)i+ (U, w, —u, w)j
+(u,w,—u,w)k
sux(vtw)=uxv+tuxw (QED)
Uvs —uzv, || 4
c uxvu=|uvy-—uv, Hu,
Uy, —u,v; )\
Su Uy vy U w vy Ty v —u uy vt U

vz—u2u3vl=0

~uxva=0 (QED)
Au, " Auyvy — Augv,
d AwWxv=| 4y |x|7, Augv, — Auy,
Au, V3 Auw, — Auv,
UV —UsV,

=A| uy,—uy, |=A(UxvV)
nmy, —th"

S (Au)xv=Auxv) (QED)

Worked solutions: Chapter 11




Exercise 11M c
1 A(3,1,1) B(,2,00 C(1,1,-2)
4 4
—> —
a AB=| 1|AC=| 0
-1 -3
-3 4 4
r=| 1|+a|l 1 |+8] O
1 -1 -3
b x=-3+40+4p (1)
y=1l+a )
z=1-a-3p 3)
¢ From(2) a=y-1
From (1) 4B=x+3-4(y-1)
x—=4y+7
B=",

subin(3): z=1-y+1-2(x-4y+7)
4z=8-4y-3x+ 12y - 21
3x— 8y + 4z = —13 (other forms are possible) 4

2 P1,0,)n=-i+3j-k 5
rn=an
x\ (-1 1) (-1
y 3(=10]| 3
z -1 1)(-1
—x+3y—z=-2
x=3y+z=2

e(0,0,2) (0,-2,0) (2,0,0)

1
3 a (-3,4,0) n= —2}

-1
1 -3 1
y||-2= 4|2
z || -1 0]1-1
x—2y—z=-11
b PC1,1,1) x—1=2"= 1
line passes through A(1, 1, 0) and has direction | 2
1
2 1 2 -2
—»
P=l O|,n=|2]|x| O|=| 3
-1 1 -1 —4
x) (-2 1) (-2
31=|1]] 3
z |4 0|4
2x+3y—-4z=1

2x -3y +4z=-1
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WORKED SOLUTIONS

l-x=y-1=2zandx=2—¢
y=1+2¢
z=1

(2, 1, 0) lies in the plane

-1 -1
1|and| 2 [are vectors in the plane
1 1
2
-2 -1 0
n=| 2|[x]| 2|=] 1
1 1 -2
x 0 2 0
L|I=|1]]| 1
z || -2 0)(-2
y—2z=1
a y=0 b z=0 c x=0

a l><4><h=6.‘.h=2
3 2

0(0,0,0) A(2,0,0) B(2,2,0) CO,?2,0)

9
V(07O7E)
0 -2
—> —>
b AB=|2| AV=|0
0 9
2
2 0 -2
r=|0|+a|2|+B] O
9
0 0 5
2 0
—> —>
c CB=|0 V=|-2
0 9
2
2 0 0
n=10|x|—4|=|-18
0 9 -8
x 0 0 0
yI1-91=|2|]|-9
z |4 0|4
-9y —4z=-18
9y +4z=18
2 2 4
—>
d VB=|2 | r=[2[+A] 4
9 0 -9
2

Worked solutions: Chapter 11




x=2-4A,y=0,z=91
x—2 z

A= A=3%

=i x-36=4z
36-9x

z=——,y=0

Exercise 11N

1 r:(g]+l[_1) y=\/§x—3
1 1
Method 1 u=(_l] v=(\/§}

cos 0= ‘% s 0=75°
Method2 m =-1 m,=+3
tan u=-1tan f=/3

. 0=-45° . B=60°
0=18-61 =105°
.. acute angle = 75°

-1

X _ )y _Zz —_— . —
2 —-=7=7 2x=y=3
X _y_z
171 1
2 3
xX_ry_z
376 2
2 3
u=|3| v=|6| wuv=6+18+2=26
1 2
|u|—\/ﬁ vl =7

cos 0= 7\/— . 0=6.93°
3 r=2-0)i+(-+20)j+(1-06)k
r=Q2+pB)j+@B+pk

-1 0
u=| 2| v=|1| wv=1
-1 1

cos 0= o5 - 0=73.2°

1 1
4 a u= V= uv=1+mlm2
m, m,

lul = J1+m? |v| =l+m]

[u- vl

cos 0=
la| |vl

‘1+m1m2‘

;. cos 0= m
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WORKED SOLUTIONS

tana—tanf _ m —m,
l+tanotan B 1+mm,

b tan(ax-pf)=

c sec’(a—P)=1+tan’ (- B)

2

1+ (m,—m,)

(1+mm, )2

(L+mym, )2 +(my —m, )2

(1+mm, )2

L+ 2mm, + mim} +m} — 2mm, +m
(1+mm,)

_ 1+m12+m22+mlzmz2

(1+m1m2)2
(I+m12)(1+m22)
(1+mlm2)

‘1+m1m2‘

- cos(o—P) = e (> 0 since o > f)

d cos 6= cos(ax— ) since 6=a—-f

Exercise 110

-2
r=(1-20)i+1-Dj+(2+Nk u=|-1
2 1
2x-y+z=5 n=|-1
1
sin 9= Wil = 1221 g 1950
lal Inl — 66 ,
2l gym3ogmitoy T2
2 2
_3 6
3%1:%22—123“: 1
-1
r=(2-20-3B)i+(1-0+p)j+(=20+B)k
2\ (-3 1
a=|-1[x| 1]=]| 8
-2 1] |-5
un=6+8+5=19
Sin 0= oes . 0=19.0°
1
x—y+3z=1 m=|-1
3
r=@-20+2B)i+(1-38)j+2-0-B)k
-2 2 -3
n=| 0|x|-3|={4| mn=-3+4+18=19
-1 -1 6

19 .
cos 0 = Tdel 0=42.8

Worked solutions: Chapter 11




4 A(1,0,1) B(-1,1,0) C(2,3,-1) D(-1,-1,-1)

-2

—> —> !
a AB=| 1| AC=| 3
-1 -2
-2 1
n=| 1|x| 3|=|-5
-1 -2 -7

1 1 1

-5 1=]0 |5

x )| =7 1/-7

un=2-5-14=-17

: _ 17 _ o
sin 0 = N 6=40.9

X

5 f=ky=k-z Qk-Dx-ky+z=5+k
2k 2%-1
x _y _z—k _| _ — _
oo u=| L n=| —k
k 1

If the line and plane are parallel, un =0
so—2kQREk—1)+k+E=0

= A4k +4k=0

= —4k(k-1)=0=Fk=0o0r1

Exercise 11P

1 r=i+k+Ai-2j+k)

PI+A 2L, 1+ ) x+y+2z=4
1+A-21+2(1+1) =4
A=1P2,-2,2)

2 T =2=2=2x-1+50,y=242=32
—x—y+3z=5
—1-5A-24+9A=5
L 2A=6 .. A=3(16,6,9)

3 x=3ky=2-2kz=1-k%
r=(4-20+pB)i+(1-B)j+2-6-2B)k
a x=4-20+p

y=1-p
z=2-60-28
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WORKED SOLUTIONS

b 3k=4-20+=3k+20-p=4
2-2k=1-B=-2k+p=-1
1-k=2-60-2==k+0+23=1
k=0.6,6=12,5=02 (1.8,0.8,0.4)

1
4 r=(1+D)i+0+2)j+(1+D)ku=|2
3 1
3x-y—2z=2 n=|-1
-1

un=3-2-1=0 .. uand n are perpendicular
.. the line parallel to the plane (QED)
(0, 0, =2) lies in the plane

0 1
r=| 0|+ 4|2 [lies in the plane
-2 1

r=A+24j + (-2 + A) k (other answers are possible)
2

P1,2,3) 2x+y-5z=1 n=| 1

-5
line through p perpendicular to the plane:
1 2
r=|2|+A[| 1
3 -5

point of intersection, I(1 + 24, 2 + A, 3 — 51)
20 +20)+2+A-5B3-54) =1
24+4A+2+A-15+25A=1
300=12=>A1=04

1(1.8,2.4, 1)
PI=J(1.8-1)°+(2.4-2) +(1-3)°
=J4.8= %\/480

distance = %m or2.19

Exercise 11Q

a Z=y-l=z (1) x=22=3-z (2
x=2y—2 3x=y+4
6y—-6=y+4

S59=10=y=2,x=2
subin (1) subin (2)
2z2-1=z 2=%%=3-;
z=1 z=1
.. intersect at (2, 2, 1)
r=0+20)i+@d+A)j+G-3V)k,x=y=z+1
PG +20,4+ A, 5-32)
5+20=4+Aand4+A=5-31+1

A=-1 41=2
Equations are inconsistent .. no point of intersection

Worked solutions: Chapter 11



2 x-—

3y+8=2(1)

—-x+y-2z=1(2)

H+2)-2y-2z=3=z=-2y-3
32)+ (1) 2x-5z=5=z=

_23;_5=—2y—3=z
2x5+5_2y_|_3:_i1
x+2.5:y+l.5:i

5 1 -2 3

3 a 3x—-y+z=3 n=|-1

1

x=3-2-kKAy=Qk-1)+A

k-2

z=-1+kA u=| 1

k

5 x+

n and u are collinear .. k= -1
3x—y+z=3x=3-34,y=-3+A4,

z=-1-2

33-3A) - (3+ ) +(-1-1)=3

—2x-5

9-9A+3-A-1-1=3

-11A=-8

8 (9 -25 -19
l—ﬁ(* i 7)

Liy=2x+2,z=3-x

117 11°

y-2 _z-3

L'x_l y-1_

direction, v =

1-z
3
3
6

-3

v =3u .. L and L, are parallel (QED)
A(0, 2, 3) and B(1, 1, 1) are points in the

y+3z=1 x=4-yandz=-1

plane
1

—>
AB=|-1|n=

-2
x 5 0

“11l=l2 |
z 3 3
Sx—y+3z=7
1

x _ y—4
==
3

un=1-1+0=0
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1

direction, u =

WORKED SOLUTIONS

. wand n are perpendicular .. the line is parallel
to the plane.

(0, 4, —1) lies on the line
x+y+3z=0+4+3(-1)=1

. (0, 4, -1) also lies in the plane

.. the plane contains the line (QED)

Exercise 11R
1 5x+y+2z=3

M O-Bx-y=-2 (4

x+y+z=3 2 (HO-2)3x—y=-3 (5
dx+2y+2z=5 (3) -4 2x=-1
.'.x=%1y=%

From(2)z=3—x—y=2(%1,%,2)

x+y+z=1 1 MH-2)2y=-2
2)y=-1
3x+y+3z=1 (3)
subin (1)and 3)x+z=2 (4)
3x+32=2(5)
(4) and (5) are inconsistent .. no common point

(QED)

a x+ty+z=0

x—y+z=3

M) -D)ax—x=0
ax+y+z=0 (2) x(a—1)=0
x+by+cz=z=0(3) x=0ora=1
ifx=0,y+z=0eithery=2=0
by+cz=0orb=c

If x = 0, either point of intersection (0, 0, 0)
or intersect in a straight line.

if a = 1 equations (1) and (2) are the same
x+y+z=0

x+by+cz=0

x=y=z=0orb=c=1 all 3 planes the same

or b and c not both = 1 and intersect in a
straight line.

.. if @ = 1, either a point of intersection (0, 0, 0)
or intersect in a plane or interest in a line.

.. the planes always have at least one point in
common.

b For a straight line, b = cbut q, b, cnot all
equal to 1 ora = 1 and & and ¢ both equal to 1
x+2y-2z=5m
3x—6y+3z=2m,
x=2y+z=1m,

7, and 7, are parallel but not coincident, 7
intersects each of the other 2 please in a
straight line but the 3 planes have no point in
common.

Worked solutions: Chapter 11




x+y+z=2 (1) (HD+2)3x+2z=1(4)
2x—y+z=-1(12) (1)+@B)4x-2z2=6 (5)
3x-y-32z=4 3) A+O)7x=7
x=1,z=-1,y=2

(1,2,-1)

x+y+z=2 (1) (HD+@2)3x+2z=1

2—y+z=-12) (D+@B)dx+(k+1z=6

3x—y+kz=4(3)
For no common point, % = % (#6)

8=3k+3 - k=

7 Verify by diagrams
Exercise 11S
1 Ax=3-t Bx=4-3¢

y:

b
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2t—4 y=3-2¢
A(3, -4) B4, 3)

-1 -3
A

_ Vs 3-4 _;1 — o
cose—m—\/g\/ﬁ—\/@ 6=97.1

—» (4-3¢ 3-t¢ 1-2¢
AB = - -
3-2¢ | |26—a | |74
AB = (1=26) +(7—4¢)?
This is a minimum when ¢ = 1.5 hours
OP = (5 + 10t) i + (20 — 20t) j + (30t — 10) k,
t>0 £=0,P(,20,-10)

Cartesian equations:
x-5_ y-20 _ z+10

Lt P A X

10 -20 30 ( 10)
x-5 — y-=20 — z+10

1 -2 3

i x+y+z=55
5+ 10¢+ 20 — 20¢ + 30¢ - 10 = 55
20 =40

r=2
i (25,-20,50)
20
i P,P,=|-40 [distance
60

=207 +(-40)* +60° = 20414

2¢*
—»
Q=[1-2¢|t>0
1+¢°
2t* —5-10¢ 2t2 10t -5
—»
i PQ=|1-2t-20+20¢ |=| 18¢-19
1+£*-30r+10 t* =30t +11

WORKED SOLUTIONS

PQ = /(262 ~10¢=5)" +(18¢ —19) +(¢* —30¢ +11)’

This is a minimum when t = 0.49598817
=0.496 (3sf)
it P(9.96, 10.1, 4.88)

Q(0.492, 0.00802, 1.25)

0 2 8
i a=|1|b=|-1]|c=|-3
1 2 5
-2 -6
a-b=| 2|b-c=| 2
1 3

a—b#k(b-c) ... a—band b— care non
collinear (QED)

ii Q is not moving in a straight line

1
2
—>
B(1,1,0)C(0,1,0) .. OP =] 1
0
0
—>
C0,1,00G(0,1,1) .OQ =] 1
1
2
0
_> 1
D@0,0,1)G(0,1,1) .. OR = 5
0
1 1
- -
—»
PQ=( 0 |PR=]| 1
1 2
2 1
-1 -1 1
n=| 0|x|-1]=]1
1 2 1
1
1 2 ((1
yI|1[=[1]]1
z 1 0)11

x+y+z=Sor2x+2y+2:=3

Worked solutions: Chapter 11




1
2
—»
c E(1,0,1)d(0,0,1)..0S=|0
1
1
—>»>
A(1,0,0)E(1,0,1) .. OT=|0
1
2
1
_> 1
A(1,0,0)B(1,1,0) .. OU = 5
0
S R S, T, U lie in the plane PQR
T Q
u P
1 0 1 1
—> 2] —> || —> 2l > 2
PQ|0| QR=|5| RS =|Z| ST=|0
L I 5 =l
2 3 0 2
0 -l
1 2
—> z — 1
TU=]| 2 P=]2
-1 2
2 0
. 1
all sides are of length 5

cosP=cosQ=cosR=cosS=cosT

N-AN1

.. all angles are 120° .. PQRSTU is a regular
hexagon

Area parallelogram PQVU = ‘1@ xﬁj‘

1
2 (L) e
0 |x|5|=|t] . area PQVU = 5
(2| |1
2 0 4
- area hexagon = — -
1
—>»> —_—> . )
d OF =|1|=mn.. OF is perpendicular to the
1
plane PQR (QED)

X
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WORKED SOLUTIONS

General point on OF is (4, A, 1)
2x+2y+2z=3 2A+2A+24=3

s A=3=1 Illl
1 2 2’272

1
2
f ﬁ? = % .. distance IF = ?
1
2

Review exercise

N N R

2
b |u|=5|V|=\/%u+v=[9)
o lu+v] =485
2 u=3i-j+k a=i+j b=i+k
c=2i—-j-k
u=oa+ b+ yc

-

3 1 1 2
“ll=al1|+Bl0]|+7] -1
1 0 1 -1
La+fB+2r=31)1)-Q2)B+3y=4(4)
a-y=-1 @ p-r=1 3)
B-y=1 B)@D-3)4y=3
3
V=13
y=3.B=1, 0= u=—ta+lb+ic
-1
-5 V2
_ _ . . _| 4
3 a a=| 4 IaI—S\/E..umtvector— 5
3 3
-5 5\/5
5\ @
5 — 4+ 4
b iﬁ 4 —iﬁ
3] s
V2

4 u=cosacos fBi+sin? xcos’ j+sin’ Bk
|u|? = cos? o cos? B+ sin? o cos? B + sin? B
= cos?f (cos? o + sin? o) + sin?
= cos?  + sin? 3
=1
o |u] =1 .. uis a unit vector

5 u—-ittanaj v=tanfBi+j

u-v tan § +tan o<
COoS7 = = 2 >
[ul |vl \/1+tan o<\/1+tan B
_ tanf+tanec
sec o< sec B

= (tan 3 + tan &) cos o cos
= sin f cos o + sin & cos

Worked solutions: Chapter 11




cos y=sin (a + p)

= cos (%—(a + ﬁ))

a |al=1|b|=1
la—-b|?2=12+12-2(1) (1) cos 6
la—bl>=2-2cos 6
la+b|?=12+12-2(1) (1) cos(w — 6)

=2602cos(r— 0)
la+bl?2=2+2cos0

b |la+b|=2|a-b|=|a+b|?=4|a+Db]|?

2+ 2cos 8=4(2 -2 cos 6)
2+2cos@=8—-8cos 0O
10cos =6 .. cos =3 (0< 6= 7)

. 9 _ 16 . 4
20=1 - 20=1-==22 - = =
sin0=1-cos*0=1 5= 05 sin 0 s

7 a r=(2i+3+4k)+ a2i-3j +2k) + B(j - 2k)

x=2+20,y=3-3a+f,z=4+20-28
b r=(-2k+ a(2i+k +BH)

x=1-20,y=-B,z=-2+«

8 5+31=-2+4u (1)
1-24=2+u (2)
From 2Q)u=-24-1
Subin (1)5+31=-2-81—4
11A=-11 - A=-1a=1P(,3)

Review exercise

1 2
1 u=|1| v=|0 cosezﬁ
3 1
2+3 5
cosezﬂﬁzﬁ
0 = 48° (nearest degree)
-2 -1
2 a Xﬁ: 0 _E: 0
2 -1
1 -2 -1
r=|1|+a| 0 |+5]| 0
0 2 -1
x=1-2a-B,y=1,z=20-f
-2 -1 0
n=| 0(x| 0[=[-4
2 -1 0
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WORKED SOLUTIONS

0 1 0
-4 |=|1]||-4
z 0 0 0
—4y=—-4ory=1
-1 1
AB=|_o| AC=]| 0
1 -2
-1 -1 1
r=| 1|+oa|l=2|+B| O
1 1 -2
x=-1-a+B,y=1-20,z=1+a-2p
-1 1 4
n=|-21|x| o|=|-1
1 -2 2

dx—y+2z=-3

x 1 2 1
y I 1|=-3[] 1
z || -2 4112

or r-(i+j-2k)=-9

1 1\ ( 1
r-|-1|{=|0]||-1] ri-j=1
o] (2| o
x\( 2 2Y( 2
y -3 1=|-3}|-3
2 4| 4] 4

2x -3y +4z=29

-6 -3 2 -1 -2
—> —
B=| 0 C=| 6| n=|0|x]| 2|=|-1
-3 0 1 0 4
x\ (-2 6)(-2
y[{-11=l0[|-1
z 4 0 4
2x—y+4z=-12
2x+y—4z=12
1 1 1 -6
>
B= 2 n= 2 X 21 = 3
1 1 -2

Worked solutions: Chapter 11




2x—y=4
2 2 1 0
d AB=|-2|n=[-2]|x|0]|= 5
5 5 0 2
0 2)(0
51=[-1][]5
z |2 -3112
5y +2z=-11
x\(1 3)(1
e |y||0|=|4][]0
z |10 2110
x=3
3
f n=| 3|x|0|=]|-3
-1 1 -3
1 3 1
-1|=12 |=|-1
z | |-1 1 -1
x-y-z=0

g x+y+5z=0(1)
2x+ 3y +12z2=0(2)
2-2(1)y+22=0
Letz=A,y=-2A,x=-y-5z=21-5A

x=-31
-3
Line of intersectionisr=A| -2
1
-3 3 -3
n=|-2|x[1]|=| 6
1 1 3
-1
2 1=0
z 1

x+2y+2z=0
orx—2y—z=0

2 1
5 u=|-1|v=]|!
-1 2
0= lovl _l2-1-20 1
COSU=Tu v = Voo ~ 6
6 = 80.4°
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WORKED SOLUTIONS

r=i+j+k+ A1+ 2j+3k)
r=i+4j+5k+ a(2i+j+ 2k)
I1+A=1+2a()
1+2A=4+a(2)
1+34=54+20(3)
From (1) A =2«

Subin(2)1 +4p=4+p
SL3a=3 . a=1,A=2
Checkin (3) 1+ 3(2)=5+2(1)
7=17

. L, and L, are concurrent
point of intersection is (3, 5, 7)
r=3i+5+7k+ ofi +2j+3k) + f(2i +j + 2k)

x+y+z=31)2Q)-(1)x-3z2=-34)
2x+y-2z=0@2)(3)+2(1) 5x+ 7z=29 (5)
3x—2y+52=23(3)

(5)—5(4) 22z =44

SLz=2,x=3

y=2z-2x=-2

Lx=3,y=-2,z=2

(3, =2, 2) is the point of intersection of the 3
planes represented by the equations.

8 a 3x+y+z=1 (1)(1)-(Q)2x+2z=-3(4)

x+y-z=4 (2)(1)- Q)
x+(1-bz=1-a (5)
2x+y+bz=a(3)
4)-2(5)2z-2(1-b)z=-3-2(1-a)

2bz=-5+ 2a

_ 2a-5

2%

— _ (2a-5) _ -3b-2a+5

2x=-3-2z=-3-——+= )

_ 5-2a-3b
T

=4 4= 8—-(5-2a-3b)+2a-5
y=a-xTz= 26

_ —10+4a+11b
Y= 2b

_5-2¢-3b _ 4a+116-10 _ 2a-5
X=" V7T 2 %7 2

b b =0 equations (4) and (5) become
2x+2z=-3
x+z=1-a
For a non-unique solution, 1 —a = —%

5
a = 5, b= 0 the planes represented by the
3 equations intersect in a line.

Worked solutions: Chapter 11






